To date, no study has been conducted on analytical methods to solve the fluid dynamics governing equations system for the fluid-elastic vibration of tube arrays in a straightforward manner. In this paper, a semi-analytical method for this vibration problem is investigated by considering the system as a collection of regular polygon cells and expressing unknowns on each side of the cells by base expansion. Based on this expression, the solutions in the cell are expressed in terms of polar coordinates, allowing for circumferential variation in the radial coordinate interval. Via this means, a reduced-order model is developed for the tube array-fluid system and the proposed method is verified by comparing with earlier experimental results.
Introduction
The determination of critical flow velocity for the threshold of fluid-elastic instability of a tube array in cross-flow has been an important research topic for tube-in-shell heat exchangers (Paidoussis, 1983; Price, 1995; Weaver et al., 2000) . Methods widely used express the fluid-force components acting on a certain tube in terms of a linear combination of the motions of the neighboring tubes and identify the coefficients experimentally to conduct stability analysis (Tanaka et al., 2002; Chen, 1983a Chen, , 1983b Khulief et al., 2009; Weaver, 1993a, 1993b; Price and Paidoussis, 1984; Granger and Paidoussis, 1996) . Other studies applied a one-dimensional channel flow approximation (Lever and Weaver, 1982) , computer fluid dynamics (CFD) approaches (Kassera and Strohmeier, 1997; Ichioka et al., 1997) , and experimental methods (Weaver and Grover, 1978; Mureithi et al., 2005; Violette et al., 2005) to predict the critical flow velocity. However, no analytical method has been investigated that solves the fluid dynamics governing equations system for a tube array's fluid-elastic vibration in a straightforward manner. This is due to the geometrical complexity of the fluid domain among the tubes. In this paper, a semi-analytical method for solving this vibration problem is studied. In this method, the system is considered to constitute a collection of regular polygon cells, with the unknowns on each side of the cells expressed by base expansion. Next, polar coordinate expressions of the solutions in each cell are derived by allowing for circumferential variation in the radial coordinate interval. This method reduces the number of degrees of freedom and computational efforts compared to conventional numerical methods. The proposed method is verified by comparing with earlier experimental results. Furthermore, theoretical predictions are made for instability in the flow direction induced in rotated triangular tube arrays; studies for which are scarce and for which few experimental works exist, despite its practical importance Violette et al., 2005) . 
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Analysis

Computational model
This study analyzes the cases of square array and rotated triangular array using square and regular hexagon cells, respectively (Fig. 1) . A two-dimensional problem is considered, in which the phenomena are invariant along the direction normal to the cross-section shown in First the basic flow field is determined under the condition that the tubes are at rest (Sec. 3.2), whereupon the stability analysis is conducted by considering the vibrational components (Sec. 3.3).
Determination of the Basic Flow Field 3.2.1 Expression of Solution by Base Expansion
In the present tube array analysis, the x and y components of the fluid velocity and the pressure on side ij connecting apexes i and j (outer circumference of the cell) are expressed by linear interpolation and base 
Discretization by the Galerkin Method
To derive ordinary differential equations for these time variables, we substitute Eq. (7) into the following variational weighted-residual forms of the Navier-Stokes equations and the condition of continuity for each cell:
where S is the source term. For the rotated triangular array ( Fig. 1(b) ), S is given by is ( π /2, 7 π /6), (5 π /6, 7 π /6), and (5 π /6, 3 π /2) for lower, mid, and upper regular hexagon cells along the inlet, respectively, and is (-π /6,7 π /2), (-π /6,π /6), and (-π /2, π /6) for lower, mid, and upper regular hexagon cells along outlet, respectively. Substituting Eq. (7) into Eqs. (8)- (10) and synthesizing the equations for the cells, we obtain the required ordinary differential equations in the following matrix form:
where 0 X is the collection of the flow velocity components and pressure at the apexes, the generalized coordinates n A 1 -n A 3 for all cell sides, and the generalized coordinates
for all cells. The need of synthesizing arises from the fact that the equations for each cell are coupled through the flow velocity and pressure on the cell boundaries, over which the unknowns for adjacent cells coincide. Explanations for the derivation of Eq. (11) are given in Appendix A. The solution in stationary phase to Eq. (11) reveals the basic flow.
Let us consider the spatial periodicity for efficient analysis of the tube array system. Because there are many tubes in real situations, the basic flow is the same for each cell except near the inlet and outlet.
For the square array ( Fig. 1(a) ), the flow is not individually distinguishable for arbitrary lines
Based on this spatial periodicity, the basic flow analysis is conducted for one line represented by
, and the flow solution in the mid domain
is applied to all cells in the vibration analysis conducted in Sec. 3.3. src V is related to the velocity c V at the tube clearances by
, which can be obtained by considering the volume flow rate at each clearance the same based on the spatial periodicity and using the continuity condition ) (
For the rotated triangular tube array ( Fig. 1(b) ), such a reduced-order model considering one line cannot be applied because the boundaries between adjacent lines (cell sides with gradient 3 / 1 / ± = dX dY ) are not streamlined. To solve this problem, the fluid domain bordered by thick solid lines shown in Fig. 3 is used as a reduced-order model, where positive and negative sources with magnitude c V are given at boundaries A and B. However, the analytical method explained above cannot readily be applied to this reduced-order model because the method basically assumes that:
(1) In Eq. (2), points i and j are apexes of the cells. To eliminate these limitations, the author extended the theory and tool to allow for the following points:
(1) In Eq. (2), points i and j can be set at arbitrary places on the sides of the cells. In this study, the stationary solution for the basic flow is obtained by introducing artificial inertia through the alteration of ( (8) and (9) 
) , where β is a positive constant. By this method, stability of the solution is improved and the stationary solution can be obtained approximately without changing the basic equations based on the fact that the non-stationary time-derivative terms damp in the stationary phase. The widely used method to improve stability is to introduce artificial viscous damping, which changes the basic equations. The present method may therefore serve as an alternative approximate method to analyze stationary flow also in other engineering problems.
Stability Analysis
In this section, the critical flow velocity above which fluid-elastic instability occurs is determined.
Expression of Solution by Base Expansion
Let us express the fluid velocity components and pressure as
and conduct similar analysis for the vibrational components 
Discretization by the Galerkin Method
Altering r V , ϕ V , P in Eqs. (8) and (9) to r V , ϕ V , and P gives the equations of motion satisfied by r V , ϕ V , and P . By substituting Eq. (14) into these equations, making the linear approximation for the vibrational components, and using the equations that are satisfied by the basic flow, we obtain the following equations of motion for each cell: By substituting Eq. (17) into Eqs. (18)- (21) and synthesizing the equations for the cells, we obtain ordinary differential equations for the vibrational components of the fluid velocity and pressure at the apexes and the generalized coordinates. These equations can be expressed in the form of a matrix equation:
where 1 X is the collection of the vibrational fluid velocity and pressure at the apexes, the generalized coordinates n a 1 -n a 3 for all cell sides, the generalized coordinates mqk b 1 -mqk b 3 for all cells, and the displacements and velocities of all tubes. The need of synthesizing arises from the fact that the equations for each cell are coupled through the fluid velocity and pressure on the cell boundaries, over which the fluid unknowns for adjacent cells coincide. Explanations for the derivation of Eq. (22) Let us define the following dimensionless quantities. Utsumi, Mechanical Engineering Journal, Vol.2, No.2 (2015) © 2015 The Japan Society of Mechanical Engineers [DOI: 10.1299/mej.14-00377] (27) Due to the small compressibility and dynamic viscosity, the compressibility and viscous terms are small. Therefore, the underlined terms lead to the following dimensionless parameters of concern; the reduced velocity = Conventional case studies examine the relation between the critical reduced velocity, at which fluid-elastic instability occurs, and the mass-damping parameter by prescribing the other dimensionless parameters. The present analysis provides a theoretical foundation for the conventional case studies by using the fluid dynamics governing equations as above. Figure 4 shows results for the basic flow determined by using the reduced-order model. The parameters are d T / =1.33, t ∆ =0.0628, 0 t =6000 t ∆ , β =40, and Re=300. The base functions with n =1-2, m =0-2, and k =1 are considered. We see from Fig. 4(a) that the circumferential flow is large near the clearances. The cross-sectional mean of ϕ Vˆ at ϕ =270 deg shown in Fig. 4(b) represents the ratio of this mean velocity to its prescribed value. The condition that this ratio equals unity was difficult to satisfy due to the limitation of the method. The critical velocity was calculated from the eigenvalue problem for Eq. (22) using the basic flow. For this reason, the eigenvalue problem-based critical velocity was corrected by multiplying it by the ratio 0.8 shown in Fig. 4(b) . Similar correction is made for the case of rotated triangular array in Sec. 4.2. Figure 5 illustrates the critical reduced velocity for a square tube array shown in Fig. 1(a) . The mass-damping parameter Figure 6 shows the critical reduced velocity for a rotated triangular tube array shown in Fig. 1(b) . The domain consisting of the eleven cells shown in Fig. 1(b) is considered. The mass-damping parameter ρ πζ is increased by raising the damping ratio for a fixed mass-parameter. The damping ratio b ζ is 0.00111 when the mass-damping parameter is 1.3. The base functions with n =1-2, m =1, and k =1 are retained. For the sake of comparison, earlier experimental results (Weaver and Grover, 1978) are shown using black circles. The present analytical results show acceptable correlation to the experimental data, thus supporting the validity of the present semi-analytical method in the interval shown in the figure.
Numerical Results
Case of the Square Array
Case of Rotated Triangular Array
For a higher mass-damping parameter, e.g. 14, the critical reduced velocity 16.2 obtained by the present analysis is considerably larger than the experimental result 11.5, which is a limitation at the present stage and must be studied in future work. A motivation of this paper is that the interval shown ρ πζ 3.6 which is referred to as a practically important condition in an experimental work .
The critical reduced velocity for a larger pitch-diameter ratio is shown in Fig. 7 . The result for the previous case is shown by dotted line for the sake of comparison. We see that the critical reduced velocity is increased to some extent by raising the pitch-diameter ratio. . This means that by adding damping ratio 0.002 to double the mass-damping parameter, the system can be stabilized in reduc V <10. That is, the critical reduced velocity can be increa- Numerical results regarding instability in the flow direction mentioned at the end of the introduction are presented below. Figure 9 shows the result for the case where the ratio of the tube eigenfrequency y ω in the y direction to that (Fig. 10(a) ). Therefore, the increase in y ω raises the critical reduced velocity. However, further increase in x y ω ω / has a destabilizing effect on vibration in the x direction with the lower eigenfrequency x ω , as can be seen from Fig. 10(b) . Once the direction of instability changes from the y direction to the x direction, the increase in y ω no longer boosts the critical reduced velocity. Therefore, the critical reduced velocity becomes constant with increasing x y ω ω / , as shown in Fig. 9 . It should be noted that instability is mainly in the y -direction over the interval 1< For smaller mass-damping parameters, stability decreases. Therefore, the stabilizing effect mentioned above is predicted to be restricted. That is, the following trends are predicted: (a) the increase in the critical reduced velocity achieved by the increase in Fig. 11(a) . By comparing Fig. 11(a) with Fig. 9 , we confirm that the critical reduced velocity and For the conservative design, it is helpful to estimate the case where ω has almost no influence on the critical reduced velocity, meaning that instability is in the y direction.
However, further decrease in x ω triggers a transition in the direction of instability to the x direction and hence a decrease in critical reduced velocity.
The numerical study in Sec. 4 considers the viscous force calculated by the method explained in Appendix B. 
Appendix B: Method of Examining the Influence of Viscous Force on Critical Reduced Velocity
In this problem, both the pressure gradient in the main flow and the motion of the boundary are present, and terms that explicitly contain the imaginary unit must be evaluated in the time domain. For these reasons, the full derivation is presented. Given the minute thickness of the boundary layer compared to the tube radius, the curvature of the boundary layer is not considered. The equation of motion for the main flow just outside the boundary layer is 
For the boundary layer flow, the flow velocity in the r direction is very small. Therefore, 
